We study the efficiency of the magnetoimpedance (MI) of thin-walled circumferentially-ordered nanotubes in sub-GHz and GHz frequency regimes, using micromagnetic simulations. We consider empty ferromagnetic tubes as well as tubes filled with non-magnetic conductors of circular cross-section (nanowire coverings), focusing on the low-field regime of MI (below a characteristic field of the low-frequency ferromagnetic resonance). In this field area, the efficient mechanism of MI is related to oscillations of the positions of (perpendicular to the tube axis) domain walls (DWs). Two mechanisms of driving the DW motion with the AC current are taken into account; the driving via the Oersted field and via the spin-transfer torque. The simulations are performed for Co nanotubes of the diameter of 300nm. Achievable low-field MI exceeds 100%, while the field region of a high sensitivity of that DW-based giant MI is of the width of tens of kA/m. The later is widely adjustable with changing the density of the driving AC current, its frequency, and the nanotube length. Of particular interest is the resonant motion of DW due to the interaction with the nanotube ends, the conditions of whom are discussed.
Introduction
The giant magnetoimpedance (GMI) is utilized in sensing weak magnetic fields (e.g. Oersted fields, geomagnetic fields, stray fields, etc.) with a very large field sensitivity (compared to the one achievable with the giant magnetoresistance or the Hall effect) while with low requirements on working conditions of the sensor (contrary to the SQUID magnetometers) [1, 2, 3, 4] . Though, magnetic systems of different geometries are considered to be active ingredients of the GMI-based sensors, the conducting ferromagnetic cylinder (the ferromagnetic wire) and the tube are base systems when building mathematical models of GMI. Within these two, the tube geometry is attractive because it allows for better isolating different mechanisms of the magnetoimpedance (MI) than a magnetic wire. The wires that reveal the GMI (e.g. amorphous magnetic microwires with negative constant of the volume magnetostriction) are of a complex magnetic structure, with an axially-magnetized inner core and a circumferentiallymagnetized outer shell, whereas, the inner core is absent in the tube. This removes one of the basic mechanisms of the (middle-frequency) MI of the wires which is based on the dependence of the inner-core radius on the external axial field, (the operating frequency for that MI mechanism is limited by the skin effect). In the low-frequency range, that mechanism of MI of the magnetic wire coexists with an impedance-inducing oscillatory motion of the domain walls (DWs) in the other shell. In order to isolate the later (low-frequency) mechanism of MI, one has proposed to use a conductive non-magnetic microwire covered with a tubular ferromagnetic layer. An advantage of the tube geometry with regard to the high-frequency MI, whose mechanism is based on the ferromagnetic resonance (FMR), follows from a magnetic softening of the tubes relative to the wires [5] , (in the microwires, the magnetostatic core-shell interaction can be strong, especially, in the case of the circumferential ordering of the outer shell [6] ).
Though, the middle-(skin-effect-based) and high-frequency (FMR-based) GMI of the soft-magnetic microwires and microtubes are very-well-described and optimized effects, (the thresholds are typically in sub-MHz and sub-GHz ranges), DW-based MI is not explored in detail. A huge limitation of its efficiency in the micro-sized systems follows from the damping of the Oersted-field-driven motion of the DW by eddy currents which this motion induces [7, 8] . The damping is expected to strengthen with the driving-current frequency, while its details are under debate, (note that performing full micromagnetic simulations of the microwires/microtubes remains to be a challenge), [9, 10, 11] . In the nanotubes of the wall thickness comparable to the electronic mean free path, such eddy currents are expected to be suppressed. Recent development of the techniques of the nanowire and nanopore coating (atomic-layer deposition, electroplating) and rolling up Figure 1 : Schemes of the systems studied; the empty ferromagnetic nanotube (a), the magnetic covering of a nonmagnetic conducting wire (b), including the bamboo-like magnetic structure of circumferentially-ordered domains (the curved arrows indicate the magnetization), and indicating the direction of the external field and the electrical-AC flow.
the nanomembranes allows for creating the tubes of extremely small thickness of the wall, whose domain structures are stable in wide ranges of external conditions [12, 13, 14, 15, 16, 17] . Via adjusting parameters of the manufacturing process (oblique-evaporation and thermal treatment, [18, 19] ) and material composition [20] , the magnetic anisotropy can be largely tuned allowing for stabilization of the circumferential ordering in the nanotube. Such an ordering is crucial for GMI, however, it has also attracted an attention with regard to creating a racetrack memory with a reduced (compared to the nanowires) stray field of (densely packed) DWs [17] . Our study of the nanotubes is motivated by the idea of GMI-based sensing with a nmsized spatial resolution [21] .
There is a small number of reports on GMI of the magnetic nanosystems with flux-closure geometries (e.g. multisegmented; "barcode" nanowires [22] , multilayers with closed magnetic path [23] , nanotubes [24] ), whereas, a comparative study shows that property of the nanosystem to be desired for optimizing MI above some (relatively-low) threshold frequency of the current [25] . While the mechanism of GMI in the barcode nanowires relates to the magnetization rotation in their whole volume, the DW motion plays a role in the low-field MI of the flux-closure multilayers whose generic model is the nanotube. Note that scaling the soft-ferromagnetic microwires down to the nm-sizes leads to their magnetostatically-induced hardening; vanishing the circumferentially-magnetized outer-shell. In the consequence, MI of the magnetic nanowires is weak [26] , while the nanotube remains the simplest high-symmetry system for studying DW-based GMI at the nanoscale.
In the present paper, with micromagnetic simulations, we study the dynamical response of the magnetic subsystems of DW-containing Co nanotubes to the AC current, in the presence of a constant axial magnetic field. We consider a tubular covering of a conducting nanowire as well as an empty nanotube (Fig. 1) . The tubes are of a strong easy-plane anisotropy (the circumferential ordering) and we pay especial attention to the low-field regime, thus, focusing on the effects of the DW motion. The time dependence of the average circumferential component of the magnetization is analyzed with dependence on the current parameters (density amplitude, frequency) and the field and on the nanotube length, while details of the corresponding magnetization dynamics are monitored. We establish operating regimes of nanotube GMI.
Upon introducing a model of the magnetic nanotube dynamics in Section 1, in Section 2, we present the results of the micromagnetic simulations of Co nanotubes under the electrical AC current. Conclusions are formulated in Section 4.
Model

Equation of motion
Our micromagnetic model of a thin-wall nanotube is a reduced version of a model formulated in [27] . Its magnetization evolves according to the Landau-Lifshitz-Gilbert (LLG) equation in 3D that takes the form
Here,î ≡ [1, 0, 0], (the wire is directed along the x axis), M s = |m| represents the saturation magnetization, A ex denotes the exchange stiffness, γ -the gyromagnetic factor), K determines the strength of the effective axial anisotropy (specified in the next paragraph), α -the Gilbert damping constant. The magnetostatic and external fields are denoted by B ms and B, respectively. The presence of the electric current of the density j (that flows along the nanotube) is included via the Oersted-field (B Oe ) term on the right-hand side of (1) and via the spin-transfer torque (STT); whose coupling constant η = P gµ B /2eM s is dependent on the spin polarization of the system P , the Lande factor g, the Bohr magneton µ B , and the absolute value of the electron charge e. The unitless parameter β determines the strength of the non-adiabatic STT. Since there is no commonly-accepted methodology for measuring β, [28] , we follow a (structure-stability-based) reasoning of [29] that leads to β ≈ α. Let us note that performing micromagnetic simulations with the simplified (LandauLifshitz) form of the LLG equation requires rescaling the input parameter β → 2β. Here, we restrict our considerations to the circumferentiallymagnetized tubes, which requires the axial-anisotropy constant K to be negative and dominate over the shape anisotropy of the magnetostatic origin. The main contributions to the anisotropy have been described in [27] to relate to the internal stress of the tube that is dependent on the manufacturing method. With relevance to the thin-wall microtubes, we have specified two basic regimes of the anisotropy which correspond to a solidification-dominated stress and a cooling-dominated stress. The later drives the circumferential ordering in the tube (wire) made of a material with a negative constant of the volume magnetostriction. The former can be induced by specifying the direction of the material deposition when forming the tube-shaped magnetic layer (via a "shadowing" effect, i.e. the creation of a crystallographic texture, and/or interface steps) [18, 19] . In the tubes of ultimately-thin walls, such a solidification-induced anisotropy is expected to determine the ordering direction.
The (circumferential) Oersted field is dependent on the radial coordinate of the tube ρ ≡ y 2 + z 2 , [let the angular coordinate be ϕ ≡ arctan(z/y)]. In the case of the empty nanotube, assuming the current density to be uniform, via the Ampere's law, one finds the circumferential field (the transverse component of the field)
, where R in(out) denotes the inner (outer) radius of the tube. When the tube is considered as a covering of a circular nanowire, the Oersted field is taken in the form H ϕ (ρ, t) ≈H ϕ (t) = −j(t)R/2, withR = (R in + R out )/2. Averaging the Oersted field over the radial coordinate of the tube is performed followingH ϕ = (R out − R in )
For a given value of the current density, the Oersted field in the covering of the nanoconductor is considerably (several times) higher than for the case of the empty nanotube, whereas, the STT amplitude is independent of the tube filling.
Dynamical regimes
The MI of thin-wall nanotubes is expected to follow from the DW motion for up to GHz frequencies of the current, whereas, the importance of the DW motion for the microwire or microtube GMI is believed to be restricted to a low-frequency (kHz) regime [30, 31] . We perform a simple estimation of the upper frequency limit of DWbased MI, noticing that the second of two basic mechanisms of GMI in the nanotube (a high-frequency one) relates to exciting FMR. Considering sufficiently low axial fields (H x M s ), we claim the frequency of the zero-field FMR to be that upper bound. We evaluate it applying the Kittel-like formula for the FMR frequency, [31, 32, 33] ,
where M s denotes the saturation magnetization, K -the constant of axial anisotropy; K < 0, µ 0 = 1.26 · 10 −6 N/A 2 -the vacuum permeability, and γµ 0 = 2.21 · 10 5 m/sAthe gyromagnetic factor. The angles θ and Θ measure the deviation of the magnetization from the static external field and from the plane of the tube cross-section, respectively, (here Θ = π/2 − θ). Using the material parameter of Co (M s = 1400kA/m), for the nanotube with axial hard-axis anisotropy of the constant K = −150kJ/m 3 , (a systems of the diameter of 300nm studied in [27] ), at H x = 0, we find the resonance frequency to be as large as ω R (0) = 2π · 17GHz. Our micromagnetic simulations of the current-driven motion of DWs in the relevant Co nanotubes (Section 3) are restricted to the AC frequencies well below 17GHz, thus, the effect of finite width of the FMR peak is avoided in the vicinity of H x = 0.
A typical curve of the dependence of the resonance frequency on the axial field is given in Fig. 2 , (here H K ≡ 2|K|/µ 0 M s ). The field regime I corresponds to the stability of the domain structure (provided the current frequency is considerably smaller than the resonance one), and it is relevant to DW-based MI. In the regime II, the domain-structure is absent and FMR-based MI is observed. In a transient regime of the field, (a dashed area in Fig.  2) , there is an overlap of the driven motion of DWs with FMR, which results in an instability of the domain structure and of the impedance. Within that regime, there are areas of dominance of the DW motion over FMR (IIIA; the effect of finite spectral width of the resonance) and of the dominance of the FMR over an evolution of the domain structure (IIIB; the effect of incomplete relaxation of the uniform state due to the DW motion).
Large value of the anisotropy constant is crucial for the above estimation, while, it is close to the minimum required in order to ensure the stability of the circumferential ordering in our system. As mentioned above, the anisotropy constant is not any universal parameter since the anisotropy originates from the method of fabrication of the nanotube and from the curvature of its layer. However, the above taken value for Co nanotube is realistic (several times larger than reported in Ref. [13] for Ni nanotubes of similar diameter as the tubes simulated in the present work while of lower saturation magnetization [34] , an order of magnitude larger than for rolled-up Co nanomembrane of the diameter of 5µm [35] , and an order of magnitude larger than for CoNiB nanotubes of a higher thickness of the wall [17] ).
Finally, let us verify the negligibility of the skin effect, estimating the skin depth for cobalt with δ −8 Ωm, the relative permeability µ Co = 250, and the maximum current frequency of our micromagnetic simulations ν = 6GHz. We obtain the lower bond on the skin depth; δ Co ≥ 33nm, which is three-time larger than the wall thickness of the simulated nanotubes.
Domain wall under AC current
The static DW solutions of the present model have been established in [27] . With the purpose of establishing the frequency window of the stable oscillatory motion of DWs under the AC current, a crucial problem to discuss is the DW inertia. According to the Walker model of the DW motion, the inertia results from the field-or current-driven deviation of the DW magnetization from its equilibrium orientation. Since this way excited DW is not static while it propagates, the time of the relaxation of its magnetization is also a time of braking the translational motion upon switching the external field off. That DW relaxation time τ 1D can be determined from the equations of motion of the collective coordinates of DW (8); the position of the DW center and the angle of deviation of its magnetization from the static orientation. According to [36] , the relaxation rate takes the following dependence on an effective in-plane anisotropy field
Since the in-plane anisotropy field is dominated by the stray-field contribution; When inducing MI in long nanotubes via oscillations of the DW position (the interaction of DW with the tube ends is negligible), the relaxation rate Γ must be smaller than the circular frequency, (the underdamped oscillations regime), which gives the lower bound on the AC frequency ν > Γ/2π = 2.5GHz.
The effect of finite length of the nanotube provides a binding potential dependent on the DW position, (thus, an eigenfrequency of the position oscillations, Appendix A). It distinguishes a frequency area around the point of the resonance oscillations of the DW position below the aboveestablished upper bound on frequency range of DW-based MI ν < ω R (0)/2π (= 17GHz for our nanotubes of Co). The borders of that near-resonance range can be obtained from the condition of a small shift of the oscillator phase relative to the phase of the driving field, (smaller than arbitrarily chosen π/4 value, [28, 37] ). From (11) , this condition is written with
where,
For a Co tube of the length of 3µm and of the DW width
, in the limit of thick-wall tube (a nanowire); δ → 1, the critical frequencies ν c2 = 6.2GHz and ν c1 = 3.9GHz are the minimum and maximum frequencies of the regimes of stable "in-phase" oscillations of the DW position, respectively. Note that the presence of the external longitudinal field influences the DW width [38] , thus, shifting the eigenfrequency of the oscillator ω 0 and the critical frequencies ν c1 , ν c2 upward. In the limit of thin-wall tube; δ → 0, one finds ν c1 = 0 and ν c2 = Γ/2π = 2.5GHz, which result is almost independent of the tube length. Hence, for the nanotube of the ultimately-thin wall, the frequency area of the resonance oscillations of the DW position is bordered by the area of the underdamped oscillations, (the resonant oscillations are overdamped). In order to see the effect of resonance of the DW position in the simulations, we include one frequency point of the sub-GHz range in our numerical studies.
Micromagnetic simulations
Before simulating systems of many DWs, we study the AC driven motion of a single DW in a nanotube and its relationship to MI. We have performed a series of micromagnetic simulations (using OOMMF package [40]) of two basic systems; the tubular magnetic covering of a nanowire and the empty nanotube. The qualitative difference in modeling both follows from different distributions of the Oersted field. In the initial state, the DW is placed in the center of the nanotube. According to [27] , such a state is created via the relaxation of the tube (with a hard-axis anisotropy) from the state of the uniform magnetization directed along the tube axis (then the Neel DW is created in the tube center) or perpendicular to the tube axis (then the cross-tie DW is created).
For different densities of the AC current along the tube/composit wire, we have established the time dependencies of the average [by means of (14)] circumferential component of the magnetizationm ϕ and the time dependence of the induced electromotive force (EMF); (13) . The relative shift of the amplitude Amp[ ] of EMF is equal to the MI ratio where H ref is a reference value of the axial field. Here and below, Amp[·] denotes the amplitude of any oscillating quantity. Beyond the resonance range of the frequency, for ν c2 < ν < ω(0)/2π, the MI ratio can be calculated as
provided any higher-harmonic contributions to EMF are small. In the majority of the MI studies, one takes the maximum field that allows for the impedance observation to be a reference point H ref . However, with regard to DWbased MI [∆Z/Z(H x ) is an increasing function in a wide range of the field], it is convenient to take H ref = 0. The later choice requires the EMF oscillations to be regular at zero field, which is shown below to be satisfied for the nanotubes with a Neel DW while not with a cross-tie DW.
Single domain wall in covering of long conducting nanowire
The amplitude of the rescaled (via dividing by M s ) average (over the cross-section of the nanotube wall in ϕ = const plane) circumferential magnetization; µ ϕ ≡m ϕ /M s (Figs. 3a-3c) , and the MI ratio ∆Z/Z (Fig. 3d) are plotted with dependence on the axial field H x for the Co nanotubes of the outer radius R out =150nm, the length L = 3µm, and the wall thickness of 11nm. The grid-discretization size in every simulation of the present work is 5nm. While simulating a nanostripe with the periodic boundary condition is the alternative of simulating the genuine nanotube, we have chosen the later in order not to neglect possible effect of the surface curvature on the dynamics, (the static effects of the curvature are negligible in thin-walled nanotube [41] ). The simulations of the nanotube with a single DW have been performed for the current frequencies: 0.3GHz, 3GHz, and 6GHz. It is comfortable to rescale the amplitude of the current density defining u ≡ η · Amp(j), where η = P · 4.14 · 10 −11 m 3 /C, and taking the spin polarization of cobalt P=0.4.
We discuss details of the magnetization dynamics of the nanowire covering with a single Neel DW, focusing on the case of ν = 6GHz (> ν c2 ) and the current of u = 15m/s, (the solid line in Figs. 3a,3b) Figs. 3a,3b) , in the middle range of the field; H x ∈ (17, 130)kA/m, a structure of several domains appears and it coexists with the continuous rotation of the magnetization inside the domains. In this middle-field range, a regime of chaotic oscillations of the average magnetization; H x ∈ (17, 70)kA/m is distinguished, (there is a gap in the solid line in Figs. 3a,3b since the oscillation amplitude is not determined). The irregular character of the oscillations is the effect of relatively large changes of the DW position mixed with the evolution within the domains. In the above context, some visible nonlinearity of the magnetization oscillations in the field regime H x ∈ (12, 17]kA/m (due to the turbulence of the DW motion) can be attributed to the continuous transition to chaos, that is usual for (Duffing-like) forced nonlinear oscillators, e.g. [42] . In the second regime of the middlefield range; H x ∈ [70, 130)kA/m, the domain structure is unstable; DWs are annihilated and created in each cycle of the AC current while the average-magnetization oscillations are regular, (the FMR dominates over the DW movement). The cyclic almost-complete annihilation of DWs results in a large amplitude of the magnetization oscillations, (Amp[µ ϕ ] approaches 0.9).
The two basic mechanisms of MI of the thin-wall nanotube are explained by the following. In the low-field regime, MI of the system (with a single Neel DW) results from changes of the DW width ∆ with changing the axial field, thus, changes of the maximum velocity of DW in a given alternating Oersted field, according to (9) . In the high-field regime; the right-hand side of the maximum of Amp[µ ϕ ](H x ) in Figs. 3a,3b, MI is a consequence of the increase of the FMR frequency with increasing the axial field (see Fig. 2 ). At the field point of the lowfrequency FMR; H F M R ≈ H K , [31] , the normalized amplitude of the magnetization oscillations Amp[µ ϕ ] takes its maximum value (above 0.9). For H x > H F M R , increasing the field, one goes with the evolution conditions away from the resonance ones. Therefore, Amp[µ ϕ ](H x ) is decreasing for H x > H F M R , however, the magnetization evolution remains a homogeneous rotation of the overall system around the long axis of the nanotube. The transition from the (low-field) regime of DW-based MI to the (high-field) regime of FMR-based MI is accompanied by a qualitative change in the time course of the average circumferential magnetization. In the low-field region, µ ϕ (t) oscillates around some nonzero value (Figs. 3e,3f) while, in the high-field region, it oscillates around zero with a large amplitude (Fig. 3g) .
Analyzing the DW evolution in the low-field regime, for the thin films of Co, we estimate the critical (circumferential) field of the Walker breakdown H W = αM s /2 = 35kA/m. The current of the density u = 5m/s in the interior of the tube of 150nm radius induces the Oersted fieldH ϕ = 21kA/m= 0.6H W in the tube, while the current of u = 15m/s induces the field well above the criti- one; Amp(H ϕ ) = 1.8H W . At the high current; u = 15m/s, the maximum circular frequency of the hypothetical rotation of the DW magnetization takes the value of γµ 0 Amp(H ϕ ) = 2π · 0.8GHz, which is small compared to the circular frequency of the current 2π · 6GHz. Thus, despite overcoming the Walker breakdown field, the dynamical spin deviations inside the DW are not expected to be large. A consequence of the strong Oersted field (for u = 15m/s) is a large shift of the maximum of the average magnetization with the current frequency (Fig. 3a) . In particular, at ν = 0.3GHz (the dashed line in Fig. 3a) , the position of the maximum of µ ϕ (H x ) is close to H x = 0 while its value approaches 0.9, whereas, at ν = 6GHz, the maximum positon is close to the anisotropy field H K . The effect is reminiscent of shifting the maximum of the GMI ratio ∆Z/Z(H x ) with changing the current frequency that has been reported for large (close to the anisotropy field) amplitudes of the Oersted field [2, 43] . Here, u = 15m/s corresponds to the field amplitude Amp(H ϕ ) = 63kA/m> 0.3H K .
At maximum, the MI ratio of the low-field regime (Fig.  3d) exceeds 100%, thus, we can call the low-field effect GMI. For u = 15m/s, the slope of the MI curve (the GMI sensitivity) reaches its maximum (10%m/kA) at H x = 10kA/m. However, a direct comparison of the sensitivity value to experimental data for other nanosystems is hindered by different choices of the reference field H ref [in (6) ] and different operating ranges of the axial field. A significant asymmetry of the MI curve in the vicinity of the zero field relates to the DW type that is of the Neel structure. Its width increases or decreases with the longitudinal field depending whether the field is oriented up or down the tube axis. For instance, for the current amplitude of u = 15m/s, the MI is asymmetric in the range of |H x | < 9kA/m, while it is symmetric for |H x | ≥ 9kA/m. The asymmetry vanishes when the negative field is sufficiently high to reverse the magnetization inside DW.
Consequences of the DW inertia (discussed in Section 2) are verified with simulations of the nanotube with a single Neel DW under the current of a relatively-low density (u = 5m/s), that produces an Oersted field below the critical value of the Walker breakdown. In Fig. 4a , an irregularity of the magnetization oscillations is seen for zero field and circular frequency of the current (2π ·0.3GHz) well below the damping rate of the DW motion (Γ = 2π ·2.5GHz). In a short period of time, the DW motion is cyclic while the effect of the inertia is accompanying the oscillations by large dynamical changes of the DW structure, (despite the Oersted field is low). The snapshots from a single cycle (Fig. 4c) show the creation and annihilation of the vortexantivortex pairs inside DW. For the circular frequency of the current (2π · 3GHz) just above the damping rate Γ, the effect of inertia is not seen. The oscillations of the magnetization are stable (Fig. 4b) , in phase with the driving current (sinusoidal), and not accompanied by changes of the DW structure.
Comparing the dynamics of the Neel DW under the AC current to the dynamics of the cross-tie DW (Figs. 5a-5c), (let us remind that both types of DW can coexist in the nanotube [27] ), we notice considerable differences. Since the cross-tie structure is not durable under the action of the Oersted field, the viscous motion of the cross-tie DWs (with a conserved DW structure) is not found for any value of the axial field. The current driven oscillations of the circumferential magnetization are irregular below a critical field of the transformation of the cross-tie DW to the Neel DW, thus, their amplitude is not determined. The instability of the cross-tie DW in the Oersted field results from movement of the vortices and antivortices inside DW. Notice a difference from the widely-discussed motion of the vortex DW in the soft-magnetic nanostripes, which is stable in a wide range of low driving field (current). While, in the presence of the external field, a deformed vortex DW is stabilized by the stray field of the stripe edges [44] , the cross-tie DW in the nanotube is not. Additionally, at the current frequency (of 6GHz) well above the relaxation rate (2.5GHz) and the field above the cross-tie-to-Neel threshold, the relaxation of the DW structure from the cross-tie state can be incomplete, which explains a little-bit-larger dynamical distortions of DW in Fig. 5c than in Fig. 3h .
Single domain wall in covering of short conducting nanowire or in empty nanotube
In a short nanotube (a 450nm-long covering of a conducting nanowire), the effect of the tube ends on the motion of Neel DW reveals in a specific shape of the time dependence of the circumferential magnetization (Figs. 6c-6f ). The sequence of points of the maximum slope of the oscillatory curves in Figs. 6d,6e ; (the equilibrium position of the oscillations) exponentially tends to zero with time. This corresponds to a slow stabilization of the center of the DW-position oscillations at the tube center. The stabilization time decreases with increasing the axial field due to the field dependence of the DW width ∆, thus, the field dependence of the strength of the DW interaction with the tube ends; [since the DW-binding force in (11) is dependent on ∆]. Notice that, in the 3µm-long covering of the conducting nanowire, the DW position oscillates under the AC current around any conserved point from a large sector of the tube, thus, the effect of the tube ends is not seen in the studies of Subsection 3.1.
Studying dynamical characteristics of the 3µm-long empty nanotube with a single Neel DW under the AC current of a relatively large density u = 25 ÷ 75m/s, we have found a similar to the above described effect of the nanotube ends; the exponential slope of the envelope of the average magnetization µ ϕ (t). Though, the effect (the slope in Figs. 7d,7e) is small compared to that in the 450nm-long nanotube (Figs. 6d,6e) , it has not been observed in the nanowire covering of the same sizes as the present nanotube. Since the oscillatory motion of DW (DW-based MI) is stable in the empty nanotube in a wider range of the axial field than in the nanowire covering, one is able to induce stronger interactions of DW with the tube ends in the former system (a larger DW width).
Notice that for the current density region of our interest (u = 25 ÷ 75m/s), the average Oersted field in the empty nanotube is well below the critical value of the Walker breakdown H W = 35kA/m, [e.g. at u = 25m/s, one finds Amp(H ϕ ) = 8kA/m], while STT is relatively large (q j /q H ∼ 1, see Appendix A). Estimated following [28] , the current density of the threshold (a Walker-like breakdown) u c ≡ ηj c = H W γµ 0 ∆/2 ≈ 58m/s belongs to the indicated range of our simulations while it increases with axial field due to the field dependence of the DW width ∆. A noticeable feature of the MI curves of the empty nanotube (Figs. 7a,7c) while seen for the nanowire covering as well (Figs. 3c,3d) is a negative slope in the vicinity of the zero field. The decrease of the average magnetization µ ϕ and the MI ratio with increasing the axial field in the area of H x ∈ (0, 10)kA/m is in line with (17) provided the DW driving via STT dominates over the driving via the Oersted field;q j >q H . This is becauseq j is independent of the field, unlikeq H ∝ ∆(H x ).
The case of the short (450nm-long) nanowire covering at high frequency of the current (6GHz) and negative axial field H x ∈ [−24, −9]kA/m is specific in terms of the course of the envelope of the average magnetization µ ϕ (t), (see Fig. 6f ). The envelope tends with time to a highlying (|µ ϕ | ∼ 0.7 ÷ 0.8) plateau, (provided the axial field is not applied prior to the current). Because of incomplete relaxation (the DW relaxation rate is small compared to the current frequency), the axial component of the DW magnetization remains opposite to the field while its vector deviates by an angle from the tube axis. This deviation seems to change the character of the long-distance interaction of DW with the tube ends from the repulsion to the attraction. The plateau of µ ϕ corresponds to an oscillatory motion of DW in the vicinity of the tube end.
Another effect of the tube ends is a resonance increase of the amplitude of the DW-position oscillations in the frequency region ν c1 < ν < ν c2 . The parameter of the magnetic hardness of the tube δ [that relates to the ratio of thickness of the tube wall to its diameter and determines the binding-force coefficient ω 0 of (11)
] is sufficiently large that the driven oscillations of the DW position in the 450nm-long nanotube are not overdamped, thus, Γ < √ 2ω 0 . With the above requirement, we estimate the minimal frequency range of the resonance for the Co nanotube via ν c2 > ( 3/4 + 1/2)Γ/2π = 3.4GHz and ν c1 < ( 3/4 − 1/2)Γ/2π = 0.37GHz. For the AC amplitude u = 5m/s and zero axial field, the analysis of the ν = 6GHz data in Fig. 3c and Fig. 6a as well as the ν = 3GHz data in Fig. 4b and Fig. 6a shows faster increase of the amplitude of the magnetization oscillations with decreasing the tube length for 3GHz than for 6GHz. We explain that by belonging of the frequency 3GHz to the resonance area (3GHz< ν c2 <6GHz). For the frequency of 0.3GHz, at u = 5m/s, we observe the resonance-driven transition to the single-domain state via the DW collision with one of the tube ends; µ ϕ approaches its maximum value 1.0. In this case, the single-domain circumferentially-magnetized state stabilizes in the short nanotube for any value of the longitudinal field up to 70kA/m. Observed in the field range |H x | ∈ [12, 70] kA/m, small-amplitude oscillatory dynamics of the circumferential magnetization (Fig. 6c) results from a uniform rotation of the magnetization far from FMR, however.
Comparing the low-frequency (0.3GHz) curves of µ ϕ (H x ), for the long and short coverings of the nanowire, in the high-field (FMR-based MI) range, one sees the positions of their maxima for the short nanotube (Fig. 6b) to be shifted upward the field axis relative to the maximum for the long nanotube (Fig. 3a) . According to the theory, the position of the maximum corresponds to the critical field of the low-frequency FMR which is evaluated in [31] to correspond to the anisotropy field H F M R ≈ H K = 2|K|/µ 0 M s , based on (2). For our nanotube of Co, we have H K = 170kA/m, which is the position of the inflection point of the dashed curve in Fig. 6b (for ν = 0.3GHz) and the maximum point of the dotted line (for ν = 3GHz). The relevant dynamics visualized in the snapshots of Fig. 6g is usual for FMR. The absolute maximum of the dashed line in Fig. 6b (at H x ≈ 90kA/m) corresponds to the snapshots of Fig. 6h , which show the dynamics to be an oscillatory motion of the DW between both ends of the tube, in the presence of large deviation of the domain magnetization from the main axis of the tube. Such an ordering of the domains prevents DW from the annihilation at the nanotube end.
Significant values of the GMI ratio found for the 3µm-long empty nanotube are to be stressed (Fig. 7c) . In the low-field regime (DW-based MI) at ν = 6GHz and u = 25 ÷ 50m/s, this ratio exceeds 200% in the vicinity of the field H x = 50kA/m. However, the MI curves for different current densities overlap in a wide range of the field.
Several domain walls in a nanotube
Finally, we have simulated systems of several DWs in the tubular Co covering of a conducting nanowire and in the empty Co nanotube. A state of three cross-tie DWs in the 3µm-long nanotube have been relaxed from a disordered state [27] . From Subsection 3.1, the AC-driven motion of the cross-tie DWs is known to induce irregular (chaotic) oscillations of EMF at very low values of the longitudinal field, (below the cross-tie-to-Neel threshold). Thus, the field regime above the threshold value |H x | ≥ 9kA/m is of our interest. Our purpose was to evaluate the influence of the mutual interactions of DWs on MI. If there were no interactions, the increase of the number of DWs would be expected to result in the multiplication of the amplitude of oscillations of overall (average) circumferential magnetization, according to (14) . Thus, increasing the DW number is considered to be the way to enhance the MI efficiency (the MI ratio and its sensitivity). Unfortunately, in the simulated systems, the nanowire covering and the empty nanotube with three DWs (of the cross-tie type), we have not managed to establish the longterm-durable oscillations of the circumferential magnetization. Their amplitude is constant within periods of dozen oscillations while it jumps upon these periods due to interactions of the DWs with the tube ends and/or with each other (Figs. 8a,8b,8d-8f) . During the periods of the oscillation stability, the amplitude of the magnetization oscillations is being smaller than triple of amplitude of the oscillations in the relevant single DW system. For example, from Fig. 8b , that is performed for the nanowire covering with three DWs, with the AC current of u = 15m/s, in the field H x = 15kA/m, we find the maximum value of the amplitude of the average magnetization Amp(µ ϕ ) ≈ 0.12, which is about 3/2 of value found for the similar nanowire covering with a single DW under the similar field and current (Figs. 3c,5a) . Thus, induced EMF does not scale linearly with the number of DWs, in contrast to the expectation from (15) , [7, 45] . We explain this by mutual interactions of DWs and their interactions with the tube ends which, therefore, cannot be neglected in a realistic model of the nanotube dynamics. The long-range dipolar interactions destabilize the oscillating system, while, the short-range exchange interactions are responsible for the annihilation of the pair of colliding DWs magnetized in the same direction (in the tubular covering of the nanowire as well as in the empty nanotube), which is seen e.g. from the snapshots in Fig. 8c . Unexpectedly, studying the corresponding time dependence of the circumferential magnetization (upper curve in Fig. 8a) , one finds the annihilation of the DW pair not to result in any decrease of the amplitude of the magnetization oscillations. This confirms the effect of the DW interactions on the magnetization evolution to be strong.
Note that the DW annihilation requires their interaction to be attractive and, in the system under an axial field above the threshold value (of the cross-tie-to-Neel transition inside DWs), they are so since all DWs are magnetized in the same direction [46] . However, in order to exclude any delayed effects of incomplete relaxation of the DW structure on their collision, we have simulated the system, switching the AC current on simultaneously with the axial field, as well as switching the current on upon the axial field (upon Neel DWs had relaxed). The long-term dynamics appears to be independent of the current-switching conditions except certain consequences of different positions of DWs at the final moment of the DW-structure relaxation (compare the lower and upper curves in Fig. 8a) . A short-term effect of a delayed relaxation of one DW due to the tube-end proximity is seen with the presence of a vortex in the structure of that DW; on the left-hand side of the snapshot t = 0.94ns in Fig. 8c .
Simulating the driven dynamics of the empty nanotube with three DWs, we have observed a qualitative change of the time-course of the magnetization with changing the amplitude of the current density, (compare Figs. 8d,8e ).
Increasing the current, the moment of the DW annihilation [a global extremum of µ ϕ (t)] shifts upward the time axis, while the circumferential magnetization changes its sign at some threshold value of the current amplitude. In particular, in the field of H x = 40kA/m, the left-handside pair of the DWs collide and annihilate at low current (u = 25m/s) at the time t ≈ 3ns (Fig. 8d) while, under the current of u = 75m/s, the right-hand-side pair collide at the time t ≈ 8ns (Fig. 8e) . That dynamics change with the current amplitude seems to result from the DW interaction with the tube ends. In order to confirm the importance of those interactions, we have performed the simulations with the same field (H x = 40kA/m) and the current amplitude u = 75m/s while omitting STT (taking η = 0), which is known not to affect the mutual DW interactions (Fig. 8f) . Comparing Fig. 8e and Fig. 8f , we notice the second magnetization jump in both plots, that corresponds to the DW-pair annihilation, to be placed at the same point of time (t ≈ 8ns) and the amplitude of the magnetization oscillations not to be noticeably influenced by STT in the strong axial field applied, (we mention that the DW-velocity componentq j is independent of the axial field, unlikeq H ∝ ∆). However, STT influences the position of the DW system relative to the tube. A shift in time of the first jump in Fig. 8f relative to Fig. 8e confirms the presence of the DW collision with the tube end. With some choices of the current and field parameters, we have found two such jumps in µ ϕ (t), before another jump due to the DW-pair annihilation.
Conclusions
We have studied MI of the ferromagnetic thin-wall nanotubes with the micromagnetic simulations, focusing on the low-field regime of the magnetization dynamics, that relates to the oscillations of the position of (single) DW. Unlike in µm-sized systems, the DW motion along the nanotube can be isolated from other-type magnetization oscillations for up to the GHz-frequency range. The ratio of DW-based MI reaches 100% for the tubular Co covering of a conducting nanowire and 200% for empty Co nanotube. Within the field range of DW-based MI, the operating range of a significant GMI sensitivity (a differential of the MI ratio ∆Z/Z over the field H x ) is relatively wide. For our Co nanotubes it is up to several tens of kA/m, however, this is mainly due to the choice of the nanotube material; [because of the large saturation magnetization of cobalt, a very strong anisotropy field H K is required in order to counteract the magnetostatic field, which influences the position of FMR peak in ∆Z/Z(H x )]. Since linear magnetic field dependence of the output signal is desirable for sensor applications [47] , for a given operating range of the field, a relatively low GMI sensitivity of the nanotube (up to 10%m/kA) is not any disadvantage. In connection to the sensing potential of nanotube GMI, let us notice that the magnetic fields produced in nanoscale devices can be very high locally, for instance, the Oersted fields due to high-density currents.
The (magnetostatic) effect of the tube length on GMI (previously studied with relevance to the microtubes; thick coverings of conducting non-magnetic microwires of the diameter of 100µm, [48] ) is important with respect to optimizing GMI of the nanotubes. Similar to the microtube, changing the nanotube length results in shifting the position of the (originating from FMR) peak of the MI ratio ∆Z/Z(H x ) while the effect is very weak. However, the nanotube length influences strongly the low-field (DWbased) GMI, in particular, via widening the operating range of the field with shortening the nanotube. That desirable effect (a magnetic hardening within the domains) is accompanied by a resonance increase of the amplitude of the DW-position oscillations under AC current. Moreover, regular oscillations of the magnetization of short nanotubes are present in the transient area of the field, when the FMR-like magnetization dynamics is correlated with large-amplitude oscillations of the DW position. Notice that the resonant motion of DW in the nanotube is very different from its counterpart in microwires/microtubes because of different origins of the binding potential [49] . In the later systems, the dominant restoring force results from a dynamical flexure of DW (due to pinning centers in the material) [50] .
We have verified the applicability of a simple description of DW-based MI of the circumferentially-magnetized many-domain tube that neglects the DW interactions to the nanosystems [7, 45] . The interactions of the DWs with each other and with the nanotube ends cannot be neglected at the nanoscale, especially, in the presence of a strong longitudinal field that stabilizes the Neel-DW structure. That field magnetizes all the DWs in the same direction, thus, causing their interactions to be attractive and allowing for their annihilations during collisions. The most stable oscillations of the circumferential magnetization are found in the nanotubes that contain a single DW. As discussed in Ref. [27] , such a domain structure can be created via the tube relaxation from a state of the uniform magnetization.
Note that, focusing on the DW-based effect, we have not examined GMI in the so called "single-peak" regime of very-high current densities, whose ratio ∆Z/Z(H x ) takes its maximum at H x = 0, [43] . Such high currents (that induce the Oersted fields above the the circumferential coercivity [2] ) would result in producing a large amount of the Joule heat, however. With the formula for the slope of the time-dependence of temperature dT /dt = j 2 /ρ Co C Co σ Co , with the mass density of cobalt ρ Co = 8900kg/m 3 , the specific heat C Co = 420J/kg·K, and the electrical conductivity σ Co = (6.2 · 10 −8 Ω · m) −1 , [51] , for DC current of the density j = 10 12 A/m 2 , we estimate dT /dt = 17K/ns. Including the sinusoidal time dependence of the current density, with Amp(j) = 10 12 A/m 2 ; (thus, u = 17m/s, which is about maximum density of current in filled nanotubes we simulated), and averaging its square over the single period, we obtain dT /dt = 8.5K/ns to be an upper bond on the heating pace in the nanowire coverings, provided Joule heating in the tube-filling nanowire is not faster. It is an acceptable value, especially, for the systems of cobalt whose Curie temperature is very high. However, the empty nanotubes are operated with several-times-higher current amplitudes, on the limit of the overheating.
where j c is the current counterpart of the critical field of the Walker breakdown. In a weak-driving case, (max|H ϕ (t)| < H W and max|j(t)| < j c ), the angle |φ| π/2 and the position of DW oscillates in phase with the the current. The ratioq j /q H is a measure of efficiency of STT in driving the DW motion compared to the driving by the Oersted field. In the case of the system simulated in Section 3, for the empty nanotubes, this ratio is about 10 times larger than for the nanowire coverings.
The magnetostatic effect of the nanotube ends on the oscillations of the DW position can be significant in sufficientlyshort nanotubes or under sufficiently-high AC current. Including it, we restrict our description to tubes with a single DW and we modify the circumferential magnetic field by the followingH ϕ →H ϕ + (1 − 2q/L)δM s . Here, L denotes the tube length; (q ∈ [0, L]), while δ ∈ (0, 1) depends on the thickness of the tube wall, (δ → 0 in the limit of zero thickness, and δ → 1 in the limit of the wire). The dynamical equations (8) 
Assuming the amplitude of the oscillations of φ not to be large, we substitute φ = 0 into (11), thus, finding the DW position in a finite-length nanotube to be governed by the equation of the damped-driven oscillator.
Appendix B. domain-wall-based magnetoimpedance
In a nanotube-containing circuit, EMF is directly related to the time derivative of the circumferential magnetization of the tube [54] 
Following a macroscopic model of MI due to the DW motion [45] , the circumferential component of the overall magnetization of the tube-wall cross-section depends on a difference in length of the clockwise-and counter-clockwisemagnetized domains and on the angles of deviation of the Figure 9 : Scheme of the domain structure of the nanotube, (d is a "period" of the domain structure).
magnetization of both kinds of the domains from the circumferential direction of the tube θ 1 , θ 2 , (Fig. 9 ). Those angles are largely affected by the axial field applied. The cross-section average of the circumferential magnetization takes the form
where N denotes the number of DWs in the tube, while τ = 1 for odd N or τ = 0 for even N . Hence, EMF is equal to = µ 0 M s (R out − R in ) (Nq H + τq j )
One evaluates the angles θ 1 , θ 2 via minimizing the relevant part of the magnetic energy of the tube E = E an + E Zx + E Zϕ , where E an denotes the anisotropy energy, while the Zeeman energy has been divided into the contribution from an axial magnetic field E Zx and the one from a circumferential (Oersted) field E Zϕ E an = −K λ sin 2 θ 1 + (1 − λ) sin 2 θ 2 ,
Here λ = 1/2 + (N q H + τ q j )/L. The extremum conditions ∂E/∂θ 1 = 0, ∂E/∂θ 2 = 0, with |H ϕ | H K , lead to sin θ 1 = sin θ 2 = H x /H K . Therefore, = 2µ 0 M s (R out − R in ) (Nq H + τq j )
